A kagome lattice is composed of corner-sharing triangles arranged on a honeycomb lattice such that each honeycomb bond hosts a kagome site while each kagome triangle encloses a honeycomb site. Such close relation implies that the two lattices share common features. We predict here that a kagome crystal, similar to the honeycomb lattice graphene, reacts to elastic strain in a unique way that the bulk electronic states in the vicinity of Dirac points are reorganized by the strain-induced pseudomagnetic field into flat Landau levels, while the degenerate edge states in the undeformed crystal become separated in the energy dimension. When the strain is tuned continuously, the resulting scanning pseudomagnetic field gives rise to quantum oscillations in both density of states (DOS) and electric conductivity.
A kagome lattice is composed of corner-sharing triangles arranged on a honeycomb lattice such that each honeycomb bond hosts a kagome site while each kagome triangle encloses a honeycomb site. Such close relation implies that the two lattices share common features. We predict here that a kagome crystal, similar to the honeycomb lattice graphene, reacts to elastic strain in a unique way that the bulk electronic states in the vicinity of Dirac points are reorganized by the strain-induced pseudomagnetic field into flat Landau levels, while the degenerate edge states in the undeformed crystal become separated in the energy dimension. When the strain is tuned continuously, the resulting scanning pseudomagnetic field gives rise to quantum oscillations in both density of states (DOS) and electric conductivity.
I. INTRODUCTION
A kagome lattice is a hexagonal Bravais lattice with a 3-site basis. The unusual lattice site arrangement renders the kagome lattice an ideal platform to study geometric frustration [1] and the resulting exotic quantum states of matter known as quantum spin liquids [2] [3] [4] [5] [6] [7] [8] [9] [10] . Also for structural reasons, the wave function associated with a hexagonal ring in the kagome lattice becomes completely localized due to the destructive interference of the wave functions of the corner sites [11, 12] , resulting in highly degenerate dispersionless bands [13, 14] stable against disorder [15] . The existence of these flat bands has recently been verified using the scanning tunneling microscopy (STM) in layered silicene [16] and Co 3 Sn 2 S 2 [17] . In the presence of spin-orbit interaction and time reversal symmetry breaking, the band degeneracy is lifted and the flat bands acquire a nonzero Chern number, giving rise to the fractional quantum Hall effect (FQHE) when partially filled [18] . The spin-orbit interaction can also gap out the two dispersive bands above the flat band, producing the quantum anomalous Hall effect (QAHE) [19, 20] or the quantum spin Hall effect (QSHE) [21, 22] .
In the absence of the spin-orbit interaction and next nearest neighbor hoppings, the two dispersive bands linearly touch at the corners of the Brillouin zone. Such band crossings have been theoretically acknowledged for a long time but experimentally observed only recently in FeSn [23] . Materials with linear energy band crossings react to elastic strain in a unique way by generating in the vicinity of the crossings a chiral gauge field, which is first proposed in graphene [24] [25] [26] and later generalised to Dirac and Weyl semimetals [27] [28] [29] [30] [31] [32] [33] , Weyl and d-wave superconductors [34] [35] [36] [37] [38] , and various bosonic Dirac materials [39] [40] [41] . However, whether similar strain-induced gauge field occurs in kagome lattice has not yet been systematically investigated before, presumably because the additional quadratic band touching of the dispersive bands and the flat band [42, 43] produces an extra degree of freedom obscuring the Dirac physics derived from the dispersive bands.
In this paper, by projecting to a subspace associated with the linear band crossings, we are able to get rid of the extra degrees of freedom and extract the Dirac physics. Through a combination of analytical calculation and numerical simulation, we elaborate that a properly engineered strain can induce a uniform pseudomagnetic field, which generates flat Landau levels and quantum oscillations. To support these findings, we organize this paper as follows. In Sec. II, we study the band structure of a kagome crystal with only nearest neighbor terms and analytically extract the Dirac physics from the sublattice space Hamiltonian. In Sec. III, we investigate the response of a kagome crystal to elastic strain with our focus on the bulk Dirac cones as well as the edge states residing on a pair of sawtooth boundaries. In Sec. IV, we demonstrate the quantum oscillations of the density of states (DOS) and the longitudinal electric conductivity in the kagome crystal. Sec. V concludes the paper and discusses the experimental implementation of the straininduced quantum oscillations.
II. MODEL
We consider a toy model of a periodic kagome crystal with only nearest neighbor terms. The unit cell of the lattice contains three sites as illustrated by the shaded triangle in Fig. 1(a) . The tight-binding Hamiltonian then reads
where the summation of r runs over all unit cells and t i=1,2,3 is the hopping parameter between the nearest neighbors along the direction of the primitive vector β i=1,2,3 . Apply Fourier transform
where N uc is the number of unit cells. We can then rewrite the Hamiltonian (Eq. 1) in the sublattice basis arXiv:2002.09289v1 [cond-mat.mes-hall] 21 Feb 2020
where the first quantized Hamiltonian matrix reads
In the absence of anisotropy, we have t i=1,2,3 = t, in which case, H k produces three bands
where λ k = i cos(k · β i ). The flat band k,0 results from the destructive interference in the hexagonal rings [11, 12] , while the two dispersive bands k,1 and k,2 are similar to the bands of graphene [44, 45] , whose Bravais lattice is also hexagonal but with a 2-site basis. Band k,1 and band k,2 cross at the corners of the Brillouin zone K η = (η 2π 3a , 0) at energy Kη,i=1,2 = t. To get insights on the band crossings, we study the Hamiltonian in the vicinity of the Brillouin zone corners by projecting H Kη+q onto the space spanned by the eigenvectors |φ Kη,i=1,2 of H Kη associated with eigenenergies Kη,i=1,2 = t. Explicitly,
where we have used |φ Kη,1 = 1 √ 3 (1, 1, 1) T and |φ Kη,2 = 1 √
And σ x,y and σ 0 are the Pauli matrices and the unity matrix in the space {|φ Kη,1 , |φ Kη,2 }, in which H Kη+q φ is a standard Dirac Hamiltonian with velocity parameters (v η x , v η y ) = ( √ 3ηat/ , √ 3at/ ). We have extracted the Dirac physics from the bulk of the sublattice Hamiltonian (Eq. 1). We now briefly discuss the kagome crystals with open boundary conditions. For a nanoribbon with a pair of sawtooth boundaries [ Fig. 2(a) ], we observe that a doubly degenerate arc state connects the two Dirac points while the other doubly degenerate arc state emerges from and terminates at the quadratic band touching arising from the flat band and the lower dispersive band [Fig 2(b) ]. The edge origination of these arc states can be confirmed by calculating the spectral function on each sawtooth edge
The spectral function associated with the upper edge is plotted in Fig. 2(c) , while the spectral function associated with the lower edge is identical as illustrated in Fig. 2(d) .~ 
which is plotted in Fig 
III. STRAIN-INDUCED PSEUDOMAGNETIC FIELDS
In Sec. II, we have studied the band structure of kagome crystals. The linear energy band crossings at Brillouin zone corners indicate that kagome crystals belong to the family of Dirac matter. One of the most important features of Dirac matter is that the elastic strain is equivalent to a gauge field inducing Landau quantization [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . In this section, we will study the reaction of kagome crystals to a properly engineered strain.
The most important effect of the strain is that it alters the position of each lattice site, resulting in spatial modulation of the overlap of electron clouds from neighboring sites [46] . Explicitly, the hopping t R ,R between site R and R will be varied by an amount of 
To the linear order, it reads
where u(R) is the displacement of the lattice site located at R and we have adopted exponentially decaying overlap integrals t r ,r = t R ,R exp[−g(|r − r| − |R − R|)]/|R − R|, in which g is the Grünisen parameter of order unity [25] . Without loss of generality, we use g = 1 in the following. Consequently, in the presence of strain, the overlap integrals in Eq. 1 are modulated as t i → t i + δt i with
where u ij = 1 2 (∂ i u j + ∂ j u i ) is the symmetrized strain tensor whose value should be taken at lattice site R, from which an electron hops to the neighboring sites R = R + β i /2. Under strain, the first quantized Hamiltonian (Eq. 3) acquires an extra term 
Consequently, the strain alters the Dirac Hamiltonian in two ways. Firstly, the onsite energy acquires an extra term U = − 1 2 t(u xx + u yy ), which may be interpreted as a strain-induced elastic scalar potential whose gradient corresponds to a strain-induced pseudoelectric field E = − 1 e ∇U = t 2e ∇(u xx + u yy ). Secondly, compared to the Dirac Hamiltonian (Eq. 5), the Dirac points of this projected Hamiltonian are shifted in the momentum space through a standard Peierls substitution q → q + e A. And the strain-induced elastic vector potential can be read off as
In contrast to the ordinary magnetic vector potential A that shift all momenta k in the Brillouin zone through Peierls substitution k → k + e A, the elastic vector potential A only shifts the momenta q in the vicinity of Dirac points. Moreover, A takes opposite signs at different Dirac points due to the valley index η in Eq. 12. But similar to the ordinary magnetic vector potential, A can Landau-quantize electron bands if ∇ × A = 0. This requires the strain tensors u ij to be space-dependent which seems to contradict with the aforementioned derivation assuming constant strain. However, we argue that even when u ij is spatially varying, the strain effect can still be treated as an elastic gauge field, as long as it varies slowly on the lattice scale.
To support our argument, we consider a properly designed lattice deformation characterized by displacement field u = ( C a xy, − C 2a x 2 − C 2a y 2 ) which cancels the straininduced scalar potential U but produces a strain-induced vector potential A = −η Cy/ √ 3ea 2x . The consequent homogeneous pseudomagnetic field is
which leads to pseudo Landau levels ε n = sgn(n) 2n eB v η x v η y n = 0, ±1, ±2, · · · .
(14) We have numerically verified these pseudo Landau levels by applying hopping substitution t i → t i + δt i with δt i listed in Eq. 9 to the tight-binding Hamiltonian of a nanoribbon with a sawtooth edge and a flat edge. Such a nanoribbon can be obtained by removing the c 0 sites in the nanoribbon illustrated in Fig. 2(a) ; thus contains 2N shaded triangles. We emphasize that the profile of the boundary does not affect the pseudo Landau levels, which result from the strain-induced pseudomagnetic field coupled to the Dirac cones deep in the bulk. Indeed, we observe that the pseudo Landau levels (Eq. 14) capture the feature of the spectrum and the DOS in the vicinity of Dirac points Kη,i=1,2 = t as illustrated in Fig. 3(a) . For comparison, we also plot the spectrum and the DOS for the unstrained nanoribbon in the presence of an ordinary magnetic field which coincides with the pseudomagnetic field at valley K. Similar results are shown in Fig. 3(b the elastic strain from which they are derived can affect the edge states as well because the displacement field we have employed deforms the two edges differently. Therefore, the energy band degeneracy arising from edge states will generally be lifted. To confirm this, we numerically study a sawtooth kagome nanoribbon, which hosts doubly degenerate edge states connecting the band crossings [ Fig. 2(c),(d) ]. In the presence of strain, we notice that the two edge states residing on the upper (lower) edge of the ribbon become more (less) separated as illustrated in Fig. 4(b) [Fig. 4(c) ]. Specifically, for the edge states between the two dispersive bands, we find that the one on the upper edge always has higher energy than that on the lower edge. This is similar to the edge state separation in bent graphene nanoribbons [47] .
To obtain more insights, we take a closer look in the vicinity of Dirac points to see how the edge states emerge from the bulk. Without deformation, the edge states connect Dirac points K and K , similar to the Fermi arcs in Weyl semimetals. When the ribbon is gradually deformed, due to the induced pseudomagnetic field, the two Dirac points at K and K extend into the zeroth Landau levels, whose outer (inner) ends are connected by the edge state on the upper (lower) sawtooth edge, resulting in edge state separation in the energy dimension as illustrated in Fig. 4(d) . In the presence of an ordinary magnetic field, the edge state on the upper (lower) edge connects the left (right) ends of the two zeroth Landau levels as illustrated in Fig. 4(e) , leading to edge state separation in the momentum dimension.
IV. STRAIN-INDUCED QUANTUM OSCILLATIONS
In Sec. III, we have demonstrated that a properly designed elastic strain can induce a uniform pseudomagnetic field in kagome crystals. The electronic states near the Dirac points are reorganized by the strain into Landau levels, implying that the magnetic transport associated with Landau levels can be reproduced by the applied elastic strain. In the present section, we will numerically study the quantum oscillations in kagome crystals in the presence of the strain-induced pseudomagnetic field.
Though predicted to be flat as in Eq. 14, the actual strain-induced Landau levels in a finite size kagome crystal are dispersive as illustrated in Fig. 3(a) . This is because the Peierls substitution q → q + e A for the Dirac Hamiltonian under strain (Eq. 11) is only rigorously valid at the Dirac points, away from which the higher order correction terms [O(u ij q k )] in the strain-induced Hamiltonian (Eq. 10) begins to deform the Landau levels.
To appropriately incorporate the effect from the dispersive Landau levels, we employ the tetrahedron method [48] to calculate the quantum oscillations of the DOS and the electric conductivity. In particular, we first divide the 1D Brillouin zone into a set of discretized momenta k i x with i = 1, 2, · · · , i max such that each interval [k i
x , k i+1 x ] is sufficiently narrow. Therefore, the Landau levels in such an interval can be approximated to disperse linearly
where we have denoted ε i n = ε n (k i x ) for transparency. Consequently, the DOS is
where L x is the length of the ribbon and Θ is the Heaviside step function. And the electric conductivity can be calculated using the semiclassical method [49] as
where v x n (k x ) = 1 ∂εn(kx) ∂kx is the band group velocity and f (ε) = [e (ε−µ)/k B T + 1] −1 is the Fermi distribution function. We have assumed temperature T = 0 and identical relaxation time τ n (µ) = τ (µ) for all the Landau levels. Explicitly, the scattering rate can be approximated by the lowest order Born approximation [50] 1
where n imp is the impurity concentration and C depends on the strength of the scattering. We have numerically calculated the DOS and the electric conductivity at different pseudomagnetic fields and find they both exhibit oscillations periodic in 1/B at the Fermi level µ = 0.9565t as illustrated in Fig. 5 . This is because the Landau levels successively pass through the Fermi level when their spacing is continuously tuned by the varying pseudomagnetic field, resulting in periodic population of electrons on the Fermi level. We have also verified other Fermi energies and observe similar oscillations. For comparison, the quantum oscillations of the DOS and the electric conductivity due to the ordinary magnetic field are overlaid in Fig. 5 . The match of the periodicity further confirms the similarity of the straininduced pseudomagnetic field to the ordinary magnetic field. The lower panel shows the quantum oscillations of the electric conductivity, i.e., Shubnikov-de Haas (SdH) oscillations, caused by the strain-induced pseudomagnetic field (red solid curve) and the ordinary magnetic field (green dashed curve). Both conductivity curves are broadened by convolving a Lorentzian of width δ = 0.001t to consider the impurity effect in the relaxation time (Eq. 18). The DOS curves are also broadened but by a much smaller Lorentzian width δ = 0.08δ in order to better characterize the (pseudo) magnetic fields at which Landau levels coincide with the Fermi level. The (pseudo) magnetic field is measured in the unit of 10 −4 /ea 2 .
V. CONCLUSIONS
In this paper, by a proper projection of the sublattice basis, we have studied the Dirac physics of kagome crystals focusing on its response to the applied elastic strain and the associated magnetic transport in the form of quantum oscillations. We first analyze the band structure of a kagome crystal with only nearest neighbor terms. By projecting the sublattice basis Hamiltonian onto the space spanned by the eigenvectors associated with the Dirac points, we are able to drop off the degree of freedom related to the flat band and analytically extract the Dirac physics, which is also numerically simulated for nanoribbons with sawtooth edges and zigzag edges, respectively. For both cases, we find two pairs of doubly degenerate edge states emerging from and terminating at band crossings, i.e., Dirac points between the two dispersive bands and the quadratic band touchings between the flat band the lower dispersive band.
Then, we incorporate elastic strain by hopping integral substitution and elucidate that the most important effect of the strain to the bulk states is to shift the Dirac points oppositely. Therefore, a properly designed strain can be interpreted as a uniform chiral pseudomagnetic field resulting in Landau quantization. By numerically studying a sawtooth kagome nanoribbon, we find the strain modulates the edges differently thus lifting the edge state degeneracy. In particular, the edge states connecting the Dirac points become completely separated in the energy dimension due to the unique way they connect to the zeroth Landau levels broadened from the Dirac points. Similar separation, however, is absent in the presence of the ordinary magnetic field due to the different connection of the edge states to the zeroth Landau levels, reflecting the fundamental difference between the strain-induced chiral pseudomagnetic field and the ordinary magnetic field.
Lastly, we study the DOS and the longitudinal electric conductivity of a kagome nanoribbon under different values of the strain-induced pseudomagnetic field. The tetrahedron method is adopted in order to appropriately treat the Landau level dispersion resulting from the higher order correction [O(u ij q k )] to the strain-induced Hamiltonian. Though departing from the ideal flat Landau levels, the strain-induced dispersive pseudo Landau levels can produce quantum oscillations in both the DOS and the longitudinal electric conductivity.
To experimentally implement the strain-induced quantum oscillations, we first require a kagome crystal such as Co 3 Sn 2 S 2 [17, 51, 52] , FeSn [23] , and Fe 2 Sn 3 [53] [54] [55] in which ordinary magnetic field Shubnikov-de Haas oscillations and de Haas-van Alphen oscillations have been observed [23, 51, 54] . Secondly, the candidate materials must be sufficiently flexible to sustain the strain designed for Landau levels. However, the mechanical properties regarding the flexibility of the aforementioned materials are not complete and further experimental work is needed to verify whether one or more of these materials are suitable for the strain-induced quantum oscillation experiment. Lastly, in order to have a scanning pseudomagnetic field, the strain should be tuned continuously with ease. Unfortunately, the strain we have engineered is not of this type. Nevertheless, it is worth noting that the x component of the displacement field u x = C a xy originates from a circular bend, which can be tuned easily [33] , while the existence of the y component u y = − C 2a (x 2 + y 2 ) aims at canceling the strain-induced pseudoelectric field and preserving the translational symmetry. Moreover, without u y , u x itself can also generates a uniform pseudomagnetic field B = η C √ 3ea 2ẑ . We thus argue that a circular bend lattice deformation should be sufficient for the ex-periment of strain-induced quantum oscillations.
